
Real Parameterized and 2Real Parameterized and 2ndnd

Order Complexity Theory: Order Complexity Theory: 
From Computability in Analysis From Computability in Analysis 
to Numerical Practiceto Numerical Practice Martin ZieglerMartin Ziegler



Real Parameterized and 2nd-Order Complexity Theory:
From Computability in Analysis to Numerical Practice

TECHNISCHE 
UNIVERSITÄT 
DARMSTADT,
Martin Ziegler

Examples from Computable Analysis

Folklore:Folklore:Folklore:Folklore: For x∈� the following are equivalent:
a) x has a decidable binary expansion
b) x has a recursive signed-digit expansion
c) There exists a recursive sequence (an) ⊆�

s.t. | x – an/2
n+1 | ≤ 2-n

d) There exist recursive sequences (pn),(qn)⊆�
s.t. supn pn =  x =  infn qn

i) only non-uniformly
ii) no running time bound

Folklore:Folklore:Folklore:Folklore: Every computable f:[0;1]→� with f(0)·f(1)<0
has a computable root.

numerics / iRRAM

Obstacles to practice:
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on [0;1]!

Function f:[0,1]→� computablecomputable
if some TM can, on input of n∈� and of
(am)⊆� with |x-am/2m+1|≤2-m 

output b∈� with |f(x)-b/2n+1|≤2-n.

=:ρ-name≡ ρsdpp

Real Function Complexity

in timein time tt((nn)) i
R
R
A
M

Examples: a)  ++, , ××, , expexp
b) ff((xx))≡≡∑∑nn∈∈LL 44--nn iff LL⊆⊆{{ 00,,11}} * * decidable

in timein time tt((nn))

ObservationObservation i) i) IfIf ƒƒ computablecomputable ⇒⇒ continuous.continuous.
iiii) ) IfIf ff computablecomputable in in timetime tt((nn)), , thenthen

OO((tt((O(O(nn)))))) isis a a modulusmodulus of uniform of uniform continuitycontinuity of of ff..

 

polytime
polytime-

c) 1/1/ln(eln(e//xx)) not polytime-computablec) signsign, , HeavisideHeaviside not computable
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DefDef:: LL⊆⊆{0,1}*{0,1}* isis verifiableverifiable in in polynpolyn. time . time ifif

LL = = {{ xx∈∈{0,1}{0,1} nn | | nn∈∈��, , ∃∃yy∈∈{0,1{0,1}} qq((nn)) : :  〈 〈xx,,yy〉∈〉∈VV }}
forfor somesome VV∈∈PP and and qq∈∈NN[[NN]]..

Definition:Definition: TMTM MM decidesdecides setset LL⊆⊆{{ 00,,11}*}* ifif

•• on on inputsinputs xx∈∈LL printsprints 11 and and terminatesterminates,,
•• on on inputsinputs xx∉∉LL printsprints 00 and and terminatesterminates..

Discrete Complexity Reminder

DefDef: : MM runsruns in in polynompolynom. time. time if if ∃∃pp∈∈NN[[NN]:]:
MM onon input input xx∈∈{{ 00,,11}} nn makesmakes at at mostmost pp((nn)) stepssteps

/ / usesuses at at mostmost pp((nn)) bitsbits of of memorymemory..

//spacespace
ExampleExample:: LL={ ={ 1010, , 1111, , 101101, , 111111, , 10111011, , 11011101,  ,  ……}}

PPPPPPPP = { = { LL⊆⊆{{ 00,,11}* }* decidabledecidable in in polynomialpolynomial time time }}
⊆⊆ NPNPNPNPNPNPNPNP = { = { LL verifiableverifiable in in polynomialpolynomial time time }}
⊆⊆ PSPACEPSPACEPSPACEPSPACEPSPACEPSPACEPSPACEPSPACE := { := { LL decidabledecidable in in polynpolyn. . spacespace }}
⊆⊆ EXPEXPEXPEXPEXPEXPEXPEXP = {= { LL decidabledecidable in exponential time in exponential time }}
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Nonuniform Complexity of Operators

ƒ:[0;1]→[0;1] polytime computable (⇒ continuous)

• Max: Max: ƒƒ →→ Max(Max(ƒƒ): ): xx →→ maxmax{ { ƒƒ((tt): ): tt≤≤xx }}
Max(Max(ƒƒ)) computable in exponential time;
polytime-computable iff PPPP=NPNPNPNP

• ∫∫: : ƒƒ →→ ∫ƒ∫ƒ: (: (xx →→ ∫∫00
xx ƒƒ((tt) ) dtdt))

∫ƒ∫ƒ computable in exponential time;
"####PPPP-complete"

• dsolvedsolve: C[0;1]: C[0;1]××[[ --1;1] 1;1]  ∋ ∋ ƒƒ →→ zz:   :   żż((tt)=)=ƒƒ((tt,,zz),  ),  zz(0)=0(0)=0.
� in general no computable solution zz((tt))
� for ƒ∈ƒ∈CC11 PSPACEPSPACEPSPACEPSPACE-"complete"
� for ƒ∈ƒ∈CCkk CHCHCHCH-"hard"

eveneven whenwhen
restrictingrestricting
to to ƒ∈ƒ∈CC∞∞
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[Kawamura'10,[Kawamura'10,
KawamuraKawamura et al]et al]

another class between
NP and PSPACE
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To To everyevery LL∈∈NPNPNPNPNPNPNPNP therethere existsexists a a polytimepolytime
computablecomputable CC∞∞ functionfunction ggLL:[0,1]:[0,1]→→�� s.t.:s.t.:
[0,1][0,1]∋∋tt→→max max ggLL||[0,[0,tt]] againagain polytimepolytime iffiff LL∈∈PPPPPPPP

NPNPNPNPNPNPNPNP ∋∋ LL = = {{ NN∈∈�� || ∃ ∃MM<N<N: : 〈〈N,MN,M〉〉 ∈∈VV }} , , VV ∈∈ PPPPPPPP

'Max is NPNPNPNP-hard'
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t → ∑ ϕ(3tN³-3N²-M)/Nln N

〈N,M〉

N=1N=2N=3N=4
N=5

M=0M=0M=0,1,2M=0..3

t=1t=½t=⅓t=¼

M=1

tln(1/t)

0

t → ∑ ϕ(2tN²-2N)/Nln N

N

V∈PPPP ⇔ fV polytimepolytimeVV⊆⊆��

fV:
∈V

gL:

φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²))
CC∞∞ ''pulse' pulse' functionfunction
polytimepolytime computablecomputable

CC∞∞
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Uniform Complexity of Operators ?

ƒ:[0;1]→[0;1] polytime computable (⇒ continuous)

• Max: Max: ƒƒ →→ Max(Max(ƒƒ): ): xx →→ maxmax{ { ƒƒ((tt): ): tt≤≤xx }}
Max(Max(ƒƒ)) computable in exponential time;
polytime-computable iff PPPP=NPNPNPNP

• ∫∫: : ƒƒ →→ ∫ƒ∫ƒ: (: (xx →→ ∫∫00
xx ƒƒ((tt) ) dtdt))

∫ƒ∫ƒ computable in exponential time;
####PPPP-"complete"

• dsolvedsolve: C[0;1]: C[0;1]××[[ --1;1] 1;1]  ∋ ∋ ƒƒ →→ zz:   :   żż((tt)=)=ƒƒ((tt,,zz),  ),  zz(0)=0(0)=0.
� in general no computable solution zz((tt))
� for ƒ∈ƒ∈CC11 PSPACEPSPACEPSPACEPSPACE-"complete"
� for ƒ∈ƒ∈CCkk CHCHCHCH-"hard"

even when
restricting
to ƒ∈ƒ∈CC∞∞

butbut forfor
analyticanalytic ƒƒƒƒƒƒƒƒ
polytimepolytime
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a) natural emergence of multivaluedness
(aka non-extensionality)

b) Uniform computation may require discrete advice
or otherwise 'enriched' representations (TTE)
― which yield canonical C++ declarations

c) Parameterized uniform upper complexity bounds
(as well-established in Discrete Complexity)

that numerical scientists might be
interested in / should be aware of

Example (Brattka&Z, Computable Spectral Thm)
Finding an eigenvector (basis) to a given real 
symmetric d×d matrix A is uncomputable; 
becomes computable when knowing Card σ(A).
REAL **diagonalize(int d, int
nDistinctEValues, REAL **matrix);

→ ε-semantics of "<"

butExample: +, expcomputable in time polynomial

in  n on [0;1]; 

n+k, 
independent of independent of xx
on on compactcompact domdom

on [0;2k]: + in time polynomial in

exp in time polynomial in n+2k.

cmp. "feasible real-RAM"
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Definition: a) A partial F:⊆{0,1} ω→{0,1} ω is computablecomputable in in 
timetime t:�→�
τ=F(σ)

b) For spaces X,Yequipped with representations α,β, 
(multivalued partial) f:⊆X ⇒Y is ((αα,,ββ))––computablecomputable in time in time tt
if it admits an (α,β)–realizer F computable in time t.

c) A parameterparameter to a space X with representation α
is a mapping k:dom(α)→�. 

d) For X,Yspaces with representations α,β and parameters
k,ℓ, 
it admits an (α,β)–realizer F and a polynomial p such that
a Type-2 machine can compute F on inputs σ within
p(n+k(σ)) steps

Remark: Some computably reasonable (e.g. admissible) 
representations induce trivial notions of complexity.

[Weihrauch'03] and [Schröder'04] have devised (meta-) 
conditions on representations to avoid such degeneracies.

call f as above fullyfully polytimepolytime ((αα,,kk,,ββ,,ℓℓ))––computablecomputable if

if a Type-2 machine can convert σ∈dom(F) to
s.t. the n-th symbol of τ appears within t(n) steps.

call

and  ℓ◦F≤p◦k holds.
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sequentsequent. . 
accessaccess

Complexity Theory of Operators

Evaluation Eval:(f,x)→f(x)
a) requires ≥µ(n) steps, µ:�→� mod. of continuity to f. 

"Parameter""Parameter" µµ((ff)) isis notnot ��--valuedvalued butbut ����--valuedvalued!!

b) Even restricted to the compact domain
L1 := { f:[0;1]→[0;1] 1-Lipschitz }
there exists no representation δ:⊆{0,1} ω→L1

rendering Eval computable in subexponential time.

Parameter to representation α: a mapping k:dom(α)→�. 

Representations α,β and parameters k,ℓ: (α,β)–realizer F
required computable on inputs σ within poly(n+k(σ)) steps.

2-n

≈2n-1 'hats'

≥22
n-1

functions pairwise differing
when evaluating up to error 2-n

but only 2t(n) different initial
segments of δ-names that can
be read within t(n) steps.   q.e.d.

���� ??

(Arzela-Ascoli)
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sequentsequent. . 
accessaccess

Complexity Theory of Operators

Evaluation Eval:(f,x)→f(x)
a) requires ≥µ(n) steps, µ:�→� mod. of continuity to f. 

Parameter Parameter µµ((ff)) isis notnot ��--valuedvalued butbut ����--valuedvalued!!

b) Even restricted to the compact domain
L1 := { f:[0;1]→[0;1] 1-Lipschitz }   (Arzela-Ascoli)
there exists no representation δ:⊆{0,1} ω→L1

rendering Eval computable in subexponential time.

Kawamura&Cook'10 (based on Cook&Kapron'96):Kawamura&Cook'10 (based on Cook&Kapron'96):
RemedyRemedy to a): to a): secondsecond--orderorder complexitycomplexity theorytheory
RemedyRemedy to b): to b): secondsecond--orderorder representationsrepresentations
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Second-Order Complexity Theory

Evaluation Eval:(f,x)→f(x)
a) requires ≥µ(n) steps, µ:�→� mod. of continuity to f. 

Parameter Parameter µµ((ff)) isis notnot ��--valuedvalued butbut ����--valuedvalued!!

DefDef:: A A secondsecond--orderorder polynomialpolynomial PP((nn,,λλ)) isis a a termterm builtbuilt fromfrom

++, , ××, integer constants and (first, integer constants and (first--order) variable order) variable nn (rang(rang--

inging over over ��) ) and secondand second--order variable order variable λλ (ranging (ranging overover ����).).

Observation: a) Second-order polynomials are
closed under both kinds of composition
(Q◦P)(n,λ) := Q(P(n,λ),λ) and  (Q▫P)(n,λ) := Q(n,P(·,λ))

b) For λ∈�[n], P(n,λ) is an ordinary polynomial.

Example: λ³(λ(n²)·n+λ²(n))+n17
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||ψψ||((nn))
:=|:=|ψψ((11nn)|)|

Second-Order Computation

Recall that ({0,1}*) {0,1}* denotes the set { ψ:{0,1}*  →{0,1}* }

For F:⊆({0,1}*) {0,1}*→({0,1}*) {0,1}* , oracle Turing machine
M? computescomputes F if Mψon input v∈{0,1}* outputs w=F(ψ)(v).

Call ψ∈({0,1}*) {0,1}* lengthlength--monotonemonotone if |ψ(v)|≤|ψ(w)|  ∀|v|≤|w|.

M? runs in 22ndnd--order order polytimepolytime if, for some 2nd-order poly-
nomial P, Mψon input v∈{0,1}* makes ≤P(|v|,|ψ|) steps.

DefDef:: A A secondsecond--orderorder polynomialpolynomial PP((nn,,λλ)) isis a a termterm builtbuilt fromfrom

++, , ××, integer constants and (first, integer constants and (first--order) variable order) variable nn (rang(rang--

inging over over ��) ) and secondand second--order variable order variable λλ (ranging (ranging overover ����).).

Example: {0,1} {0,1}*  ∋ Q
can be computed in 2nd-order polytime by a non-determin. 
oracle machine

→ ( {0,1}* ∋ v → ∃u∈{0,1} |v|: Q〈v,u〉 )

but not by a deterministic one.
provably
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{ length-monotone ψ }

seqseq. . accessaccess

Second-Order Representations

Def: A secondsecond--orderorder representationrepresentation of X
is a surjective partial mapping ∆:⊆LM→X

A ((∆∆,,ΓΓ))--realizerrealizer of f:⊆X⇒Y is a mapping F:LM→LM s.t.…

Even on compact L1 = { f:[0;1]→[0;1] 1-Lipschitz }
there is no representation δ:⊆{0,1} ω→L1

rendering Eval computable in subexponential time.

For F:⊆({0,1}*) {0,1}*→({0,1}*) {0,1}* , oracle Turing machine
M? computescomputes F if Mψon input v∈{0,1}* outputs w=F(ψ)(v).

Call ψ∈({0,1}*) {0,1}* lengthlength--monotonemonotone if |ψ(v)|≤|ψ(w)|  ∀|v|≤|w|.

M? runs in 22ndnd--order order polytimepolytime if, for some 2nd-order poly-
nomial P, Mψon input v∈{0,1}* makes ≤P(|v|,|ψ|) steps.
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Examples of 2nd-Order Complexity

a) An ordinary representation δ:⊆{0,1} ω→X inducesinduces
a 2nd-order representation ∆ where ψ:{0,1}* →{0,1}
is a ∆-name of x∈X iff (ψ(1n))n is a δ-name of x.
b) Define a ρρ��--namename of  f∈C[0;1] as a  ψ∈LM s.t.

| f( bin(v)/2|v|+1 ) – bin(ψ(v))/2|v|+1 |  ≤ 2-|v|

A 22ndnd--order order representationrepresentation of X is a surjective ∆:⊆LM→X

Call ψ∈({0,1}*) {0,1}* lengthlength--monotonemonotone if |ψ(v)|≤|ψ(w)|  ∀|v|≤|w|.

M? runs in 22ndnd--order order polytimepolytime if, for some 2nd-order poly-
nomial P, Mψon input v∈{0,1}* makes ≤P(|v|,|ψ|) steps.

LemmaLemma a) a) PolytimePolytime δδ--computabilitycomputability isis uniformlyuniformly

equivalentequivalent to 2to 2ndnd--order order polytimepolytime ∆∆--computabilitycomputability
b) Evaluation b) Evaluation ((ff,,xx))→→ff((xx)) isis notnot ((ρρ��××ΡΡ,,ΡΡ))--computablecomputable..
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b) Evaluation b) Evaluation ((ff,,xx))→→ff((xx)) isis notnot ((ρρ��××ΡΡ,,ΡΡ))--computablecomputable..

and µ a modulus
of continuity of f

Examples of 2nd-Order Complexity

b) Define a ρρ��--namename of  f∈C[0;1] as a  ψ∈LM s.t.
| f( bin(v)/2|v|+1 ) – bin(ψ(v))/2|v|+1 |  ≤ 2-|v|

c) Define a ρρ��⊓⊓LipLip--namename of  f∈Lip2ℓ[0;1] as
{0,1}*  ∋ v → 1ℓ 0 ψ(v) for a  ρ�-name ψ of  f.

d) A [[ρ→ρρ→ρ]]--namename of f∈C[0;1] is

{0,1}*  ∋ v → 1µ(|v|) 0 ψ(v) for ρ�-name ψ of  f.

M? runs in 22ndnd--order order polytimepolytime if, for some 2nd-order poly-
nomial P, Mψon input v∈{0,1}* makes ≤P(|v|,|ψ|) steps.

LemmaLemma c) Evaluation on c) Evaluation on Lip[0;1]Lip[0;1] isis 22ndnd--order order 
polytimepolytime ((ρρ��⊓⊓LipLip×Ρ×Ρ,,ΡΡ))--computablecomputable
d) and 2d) and 2ndnd--order order polytimepolytime ([([ρ→ρρ→ρ]]×Ρ×Ρ,,ΡΡ))--
computablecomputable on on C[0;1]C[0;1]..
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Numerical Engineering

+ hardware support / large data / high-dim matrices
−−−− heuristics, ad-hoc approaches, unspecified class of 
permitted inputs, non-guaranteed behavior, vague/ 
inconsistent semantics, various notions of error, not 
closed under composition, empirical "proofs" of 
correctness & performance, const.-factor acceleration

nag_opt_one_var_derivnag_opt_one_var_deriv (e04bbc) (e04bbc) normallynormally computescomputes
a a sequencesequence of x of x valuesvalues whichwhich tendtend in in thethe limitlimit
to a to a minimumminimum of F x of F x subjectsubject to to thethe givengiven boundsbounds

"The iterative methods used to solve problems of nonlinear "The iterative methods used to solve problems of nonlinear 
programming differ according to whether they evaluate programming differ according to whether they evaluate 
Hessians, gradients, or only function values. While evaluating Hessians, gradients, or only function values. While evaluating 
Hessians and gradients improves the rate of convergence, Hessians and gradients improves the rate of convergence, 
such evaluations increase the such evaluations increase the computational complexitycomputational complexity
(or computational cost) of each iteration. In some cases, (or computational cost) of each iteration. In some cases, 
the the computational complexitycomputational complexitymay be excessively high."may be excessively high."
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Real Complexity Theory: Foundation for
thethe Future of Future of MathematicalMathematical NumericsNumerics

�guaranteed error bounds
�high accuracy test of conjectures in classical analysis

�fully specified algorithms with runtime bounds
�consistent semantics closed under composition
�modular software development of certified libraries

�concepts such as multivaluedness and
enrichment/information theory (TTE)
�canonical interface declaration of implementation

Alan TuringAlan Turing waswas also aalso a NumericalNumerical Scientist!Scientist!
Let's collaborate with, and approach, e.g. the Let's collaborate with, and approach, e.g. the 
IntervalInterval and and ComputerComputer--Assisted ProofAssisted Proofcommunitycommunity

Practical proofsPractical proofs--ofof--concept in iRRAMconcept in iRRAM

Bloch, Feigenbaum, BrembleBloch, Feigenbaum, Bremble--HilbertHilbert

Kreinovich,Yap Kreinovich,Yap 
Revol, Plum, Revol, Plum, 
v.Gudenberg?v.Gudenberg?


